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Abstract: Using magnetohydrodynamics (MHD), the thermal energy and mass transport boundary 
layer flow parameters of Reiner–Philippoff fluid (non-Newtonian) are numerically investigated. In 
terms of energy and mass transfer, non-linear radiation, Cattaneo–Christov double diffusions, con-
vective conditions at the surface, and the species reaction pertaining to activation energy are all 
addressed. The stated governing system of partial differential equations (PDEs) is drained into a 
non-linear differential system using appropriate similarity variables. Numerical solutions are found 
for the flow equations that have been determined. Two-dimensional charts are employed to demon-
strate the flow field, temperature and species distributions, and rate of heat and mass transfers for 
the concerned parameters for both Newtonian and Reiner–Philippoff fluid examples. The stream 
line phenomenon is also mentioned in this paper. A table has also been utilized to illustrate the 
comparison with published results, which shows that the current numerical data are in good accord. 
The findings point to a new role for heat and mass transfer. According to the findings, increasing 
values of solutal and thermal relaxation time parameters diminish the associated mass and thermal 
energy layers. The current study has significant ramifications for chemical engineering systems. 

Keywords: Cattaneo–Christov double diffusions; non-linear radiation; activation energy;  
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1. Introduction 
Because of their numerous uses in industrial fields such as cooling systems, paint, 

adhesives, food processing, drilling rigs, nuclear reactors, organic materials, molten pol-
ymers, and inks, the study of non-Newtonian fluids has received a lot of attention. The 
Navier–Stokes theory cannot be used to explain these types of liquids. In these types of 
fluids, the order of the differential systems is frequently higher. There are various models 
of non-Newtonian liquids, which are commonly divided into three categories: differen-
tial, rate, and integral types. One of the non-Newtonian models, Reiner–Philippoff fluid, 
is considered in this work. Some investigations related to the Reiner–Philippoff model are 
described in depth; for example, see [1–5]. The heat transmission phenomenon is the most 
essential aspect in industrial and manufacturing systems. The fundamental explanation 
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for the occurrence of such a phenomenon is temperature variations between or within a 
medium. Fourier’s law of heat conduction has been used to analyze heat transfer difficul-
ties during the past two decades. This law’s fundamental difficulty is that it provides a 
parabolic energy equation in which any initial disturbance is detected throughout the en-
tire system. Cattaneo modified Fourier’s law of heat conduction to account for this com-
plexity by include the thermal relaxation period. As a result, several researchers [6–11] 
reported on the study of Cattaneo and Christov (CC) of heat and mass flux on various 
non-Newtonian fluids. 

Several researchers have accomplished various types of study involving the magne-
tohydrodynamics (MHD) flow of non-Newtonian fluids because of its significant applica-
bility in manufacturing and scientific domains such as plasma confinement and liquid 
metal fabrication. Many studies on the magnetohydrodynamic laminar flow of non-New-
tonian liquids across various surfaces have been published [12–22]. The spontaneous ex-
udation of energy from any materials having a higher temperature than absolute zero is 
called thermal radiation. It has extensive applications in manufacturing industries such as 
nuclear power plants, missiles, gas turbines, energy transfer furnaces, satellites, and space 
vehicles. Many researchers are investigating the flow problems by taking account of the 
non-linear thermal radiation effect. The influence of viscous dissipation and non-linear 
thermal radiation on the Casson fluid stream past a moving sheet was inspected by Kumar 
et al. [23]. Qayyum et al. [24] demonstrated the consequence of radiation effect on the 
MHD flow of nanoliquid through a stretching cylinder. The influence of thermal radiation 
on the stream of Sisko nanoliquid past an elastic sheet with chemical reaction was ex-
plored by Prasannakumara et al. [25]. Hayat et al. [26] described the effect of non-linear 
thermal radiation on the stream of Jeffrey nanoliquid over an extended surface. Khan et 
al. [27] explored the Williamson liquid flow past a surface on taking non-linear thermal 
radiation into account. 

The activation energy is demarcated as the least amount of energy that reactants 
should acquire before involving in a chemical reaction. The chemical reaction along with 
activation energy has important applications in food processing, chemical engineering, 
geothermal reservoirs, and oil emulsions. Khan et al. [28] analyzed the impact of activa-
tion energy and thermal radiation on the flow of magnetized Casson nanoliquid past a 
sheet. The flow pattern of Prandtl–Eyring nanoliquid generated by a spinning disk with 
the impact of ohmic heating and the activation energy was scrutinized emphatically by 
Qayyum et al. [29]. The consequence of ohmic heating with activation energy on the 
nanofluid flow over a rotating disk was reported by Kotresh et al. [30]. Khan and Alzah-
rani [31] explained the aspects of activation energy with non-linear thermal radiation on 
the MHD flow of Walter-B nanoliquid. Jayadeva murthy et al. [32] scrutinized the hybrid 
nanoliquid stream through a revolving disk with bio-convection effect and activation en-
ergy. Recently, numerous researchers examined the behaviour of liquid in the presence of 
convective boundary constraints when taking account of several influencing factors. 
Shehzad et al. [33] inspected the effect of convective heat and mass conditions on 
nanofluid flow over an expanding surface. The nanofluid flow over a disk with convective 
conditions was elucidated by Prasannakumara et al. [34]. Hayat et al. [35] investigated the 
aspects of convective conditions in the fluid stream over a curved surface. Gireesha et al. 
[36] discussed the effect of non-linear thermal radiation with convective conditions on the 
Oldroyd-B nanoliquid flow past an elastic surface. Muhammad et al. [37] presented a re-
port on the stream of Jeffrey liquid suspended with nanoparticles with convective condi-
tions. The current study’s scientific innovation may be seen in the examination of CC dou-
ble diffusions (CCDD) flow on hydromagnetic activation energy in the flow of Reiner–
Philippoff fluid. 
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2. Mathematical Modeling 
In two dimensions (2D) and incompressible case, the flow of a non-Newtonian 

Reiner–Philippoff liquid across a moving stretching surface was investigated. Figure 1 
shows a flow diagram of physical geometry. We can choose x -axis along the surface, and 
y -axis is assumed to be normal to the surface plane. The fluid is drawn via a slit in the 
sheet where the origin is located. In this study, a uniform magnetic field is considering 

normal to the sheet with strength B . Furthermore, the absence of Hall current is associ-
ated with the existence of magnetic field, which may impact fluid flow motion. It is as-
sumed that the non-Newtonian fluid is transported along the surface with stretching non-
linear velocity 1/3( )wu x ax=  in x -axis direction. The variables are the non-Newtonian 

fluid concentration wC  and the non-Newtonian fluid temperature wT  at the stretching 

surface, respectively. The ambient thermal and species values are T∞  and C∞ . Using 
generalized Fick’s and Fourier relations, Cattaneo–Christov double diffusions (CCDD) are 
utilized to achieve energy and species transport. The applied magnetic field is being used 
in the vertical direction of fluid flow. The thermal equation takes into account non-linear 
radiation, and the activation energy is taken into account in the species equation. In this 
model, the convective energy and species conditions are also assimilated at the boundary. 

 
Figure 1. Geometry Flow Modeling. 

The non-Newtonian Reiner–Philippoff fluid, the description relations between shear-

strain 
u
y
∂
∂

 and shear-stress τ  are defined as [2–4] 
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∞

∂
=

−∂
+

 
+  
 

 

(1) 

Here, Sτ  is the reference shear-stress and τ  is the shear-stress, µ∞  is the upper 

limiting viscosity, and 0µ  is the zero shear viscosity. 
It is clear that the Equation (1) represents the flow function and the non-dimensional 

flow function is given by 
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It is of note that the fluid behaves for the Newtonian flow case if 1λ =  and Reiner–
Philippoff flow case (non-Newtonian) if 1λ ≠ . 

Aforementioned assumptions and boundary layer approximations are employed, 
then the equations of total mass, fluid flow along thermal and species are written as 
[6,7,15,26] 
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∂ ∂

 (3) 

21 ( ) ,u u B xu v u
x y y

τ σ
ρ ρ

∂ ∂ ∂
+ = −
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 (5) 

( )

2 2 2
2 2

2 2 2

2

2
exp

m

a
c r

C C Cu v uv
x y x y EC C C Tu v D k C C

x y y T Tu u C u u Cu v u v
x y x x y y

λ
κ∞

∞

 ∂ ∂ ∂
+ + + ∂ ∂ ∂ ∂   −∂ ∂ ∂   + + = − −     ∂ ∂ ∂   ∂ ∂ ∂ ∂ ∂ ∂   + + +     ∂ ∂ ∂ ∂ ∂ ∂    

 (6) 

The problem of approximate boundary constraints at the surface of a flowing sheet 
and liquid at infinity are [3,7,34] 

( ) ( )1/3
1 2( ) , 0, ,w w w

T Cu u x ax v k h T T D h C C
y y

∂ ∂
= = = − = − − = −

∂ ∂  at 0,y =  

0, ,u T T C C∞ ∞→ → →  as .y →∞  (7) 

The first part of Equation (7) physically signifies that the stretched sheet’s relation-
ship is non-linear, which has an impact on fluid flow and heat transmission mechanisms. 
The Rosseland radiative energy flux [13,24], which is utilized in Equation (5), is mani-
fested by 

* 3* 4

* *

164
3 3r

TTq
k y k k

σσ ∞

∞

∂
= − = −

∂
 (8) 

Here *σ  and *k  symbols indicate the Stefan–Boltzmann constant and mean ab-
sorption coefficient accordingly. 

Define the following similarity and dimensionless variables: 

2/3 3
1/3 3

, , ( ), ( ) , ( ) , ,w w S

w w

T T C Ca y a x a g
x T T C C a

τ
ζ ψ ν τ ρ ν η θ η φ η γ

ν ρ ν∞ ∞

− −
= = = = = =

− −
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It is clear and obvious that the conservation of total mass Equation (3) is satisfied. 
Utilizing Equation (8) in the above modelling system of partial differential Equations 
(PDE’s) (4)–(6), we obtain the following system of non-linear ODE’s. 

2 2

2 2'' ,gg f
g

λγ
γ

+
=

+
 (10) 

22 1' '' ' ',
3 3

g ff f Mf= − + +  (11) 

'
3 2 24 21 ( (1 ( 1) ) ) ' Pr ' Pr ( ' ' '') ' 0,

3 3w tRd f ff f MBrfθ θ θ θ θ η θ + + − + + Γ + + = 
 

 (12) 

( )22 ' ( ' ' '') 1 exp 0,
3 1

m
c r

EScf Sc ff f Scφ φ φ η φ σ δθ φ
δθ

 ′′ + + Γ + − + − = + 
 (13) 

and the simplified dimensionless boundary conditions are 

( ) ( ) ( ) ( )( ) ( ) ( )( )1 20 0, ' 0 1, 0 1 0 , 0 1 0 ,f f Bi Biθ θ φ φ′ ′= = = − − = − −   

( ) ( ) ( )' 0, 0, 0f θ φ∞ → ∞ → ∞ →  (14) 

in which ς  is the dimensionless similarity variable, M  is the magnetic field parameter, 
λ  is the Reiner–Philippoff fluid parameter, Rd  is the radiation parameter, wθ  is the 

temperature ratio parameter, tΓ  is the thermal relaxation time parameter, Br  is the 

Brinkman parameter, Sc  is the Schmidt number, rσ  is the local chemical reaction pa-
rameter, the dimensionless activation energy variable is denoted by E , the solutal relax-
ation time parameter is denoted by cΓ , 1Bi , 2Bi  are thermal and concentration Biot 

numbers, and ,θ φ  are correspondingly, the non-dimensional thermal and mass func-
tions. 

Engineering Physical Quantities 

The local Nusselt number xNu  is given by 

,
( )

w
x

w

xqNu
k T T∞

=
−

 (15) 

Here the expression wq  indicates the heat flux defined by 

0

.w r
y

Tq k q
y =

 ∂
= − + ∂ 

 (16) 

The local Sherwood number xSh  is represented by 
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in which the expression mq  indicates the species flux and is represented by 

,m
Cq D
y

∂
= −

∂
 (18) 

The dimensionless heat and mass transfer rates are calculated by employing the 
Equation (8) 

1/2 34Re (1 (( 1) (0) 1) ) '(0),
3x x wNu Rd θ θ θ− = − + − +  (19) 

and 
1/2Re '(0).x xSh φ− = −  (20) 

3. Numerical Scheme 
A numerical method with the use of boundary conditions as indicated in Equation 

(14), Runge-Kutta of order four, is utilized in Mathematica to solve a non-linear system of 
ODEs (see Equations (10)–(13)). The equations that result are higher-order ODEs. To 
begin, we reduce these higher-order ODEs to first-order form as follows 
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The following are the transformed boundary conditions 

)),0(1()0()),0(1()0(,1)0(,0)0( 72851621 YBiYYBiYYY −−=−−===  (29) 

,)0(,)0(,)0(' 372512 εεε === YYY  (30) 

Iterations of the shooting method are used to guess 21,εε , and 3ε  until the outer 
boundary requirements (14) are met. The resulting differential equations can be integrated 
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using the fourth-order Runge-Kutta integration scheme once convergence is reached. The 
method is repeated until the results are as accurate as we want them to be .10 6−  

4. Graphical Discussion 
The final governing modeled flow Equations (10)–(14) are highly non-linear and cou-

pled. Therefore, we did not find the exact solution expressions for the modeled problem. 
Hence, we can find the numerical solution of the Equations (10)–(14) along boundary con-
straints (15) through the Runge-Kutta fourth-order scheme along with a shooting proce-
dure. It is worth mentioning that the present study is a generalization of the previously 
published work of Ganesh Kumar et al. [3]. Here, in the flow of Reiner–Philippoff fluid 
with non-linear radiation and convective conditions at the surface, we investigate the ef-
fect of Cattaneo–Christov double diffusions flow on hydromagnetic activation energy. 
The major goal of the current physical problem is to control the heat and mass transfer 
mechanisms due to their important applications in various fields, such as electronic device 
cooling, steam-electric power generation, and in characterizing and diagnosing diseases. 
This goal can be achieved by selecting appropriate values for the problem’s governing 
parameters ( 1,,,,,,,,,,, BiEScEcRdM rwct δσθγ ΓΓ  and 2Bi ). Some of these parame-

ters, such as the Prandtl number Pr , can be selected based on the fluid type. Thus, fol-
lowing Ganesh Kumar et al. [3], the following constants have been adopted: 0.5,M =

0.5, 2.0, 0.1, Pr 3.5, 0.2, 0.5, 2.0, 0.2, 0.1,w t c rRd Ec Sc Eγ θ σ δ= = = = Γ = Γ = = = = = =  

1 2 0.2Bi Bi= = , for Newtonian fluid flow case when 1.0λ =  and Reiner–Philippoff 

fluid case when 1.0λ ≠ . 
Table 1 displays the validation of the present results with the outcomes of the avail-

able literature of Reddy et al. [3] and Sajid et al. [4]. The numerical values are of the rate 
of heat transfer for the Prandtl number Pr  for 1, 0t c rRd Ecλ σ= = Γ = Γ = = = . 
From this table, it is observed that the accuracy of the current numerical procedure and 
the outcomes of the existing results are in good agreement from the analysis. 

Table 1. Comparison values of Nusselt number for distinct values of Pr . 

Pr Reddy et al. [3] Sajid et al. [4] Present Values 
1.0 0.556060 0.556065 0.556067 
1.5 0.727935 0.727928 0.727934 
2.0 0.873989 0.873992 0.873990 
2.5 1.012062 1.012056 1.012061 

The present analysis is carried out on the boundary layer flow of Reiner–Philippoff 
fluid by taking account of Cattaneo–Christov Double diffusions (CCDD) and activation 
energy. By selecting appropriate similarity variables, the modelled equation for the ex-
pected flow is translated to ODEs. A numerical scheme is used to provide a clear 
knowledge of the behaviour of flow profiles, which are strategized and deliberated with 
the help of graphs. The primary goal of this section is to discuss the characteristics of sig-
nificant parameters such as the magnetic field parameter, temperature ratio parameter, 
radiation parameter, thermal relaxation time parameter, Brinkman parameter, dimension-
less activation energy, local chemical reaction parameter, solutal relaxation time parame-
ter, and thermal and concentration Biot numbers. Furthermore, numerical solutions for 
velocity, temperature, and concentration gradients are derived for a variety of values of 
relevant parameters. Additionally, the impact of several dimensionless parameters on the 
Nusselt number and Sherwood number are discussed by using graphs. 

The influence of the magnetic parameter on velocity gradient is depicted in Figure 2. 
One can notice from the plotted figure that an upsurge in 𝑀𝑀 declines the velocity gradi-
ent. Larger values of the magnetic parameter produce Lorentz force, which creates 
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resistance to fluid motion and causes declination of the fluid motion’s velocity. Further-
more, the rate of declination is faster in Newtonian fluid when compared to Reiner–Phil-
ippoff liquid. Figure 3 portrays the effect of 𝑀𝑀 on the thermal profile. As can be observed 
from the graph, increasing M increases the thermal gradient. Here, escalating values of 𝑀𝑀 
produces resistance to the fluid motion and improves the fluids’ viscosity, which results 
in an inclination of thermal gradient. Furthermore, both fluids show almost the same be-
haviour in heat transfer for an upsurge in values of 𝑀𝑀. The actions of concentration gra-
dient for escalating values of 𝑀𝑀 are portrayed in Figure 4. The displayed graph shows 
that increasing the value of M improves the mass distribution. Furthermore, the rate of 
inclination is faster in Newtonian liquid when compared to non-Newtonian fluid. The 
sway of the 𝑅𝑅𝑅𝑅on thermal gradient is displayed in Figure 5. The upsurge in 𝑅𝑅𝑅𝑅 improves 
the thermal profile. Here, inclined values of 𝑅𝑅𝑅𝑅 produce inner heat, which obviously im-
proves the thermal gradient. The influence of 𝜃𝜃𝑤𝑤 on thermal gradient is illustrated in Fig-
ure 6. One can notice from the plotted graph that the rise in values 𝜃𝜃𝑤𝑤 upsurges the ther-
mal gradient. Furthermore, the rate of inclination in the thermal gradient is slightly faster 
in Newtonian liquid when compared to non-Newtonian liquid. 

The sway of Γ𝑡𝑡 on the thermal gradient is portrayed in Figure 7. It is detected from 
the plotted figure that the upsurge in the thermal relaxation time parameter escalates the 
thermal gradient. Furthermore, the rate of inclination is slower in Newtonian liquid when 
compared to Reiner–Philippoff liquid. The variation in thermal profile for diverse values 
of Brinkman parameter is displayed in Figure 8. Here, escalating values of 𝐵𝐵𝐵𝐵 improve 
the thermal gradient. Furthermore, the rate of inclination in the thermal gradient is a little 
bit faster in Reiner–Philippoff liquid when compared to another one. The levering of 
𝐵𝐵𝐵𝐵1on the thermal gradient is demonstrated in Figure 9. The heightening of the thermal 
Biot number heightens the thermal profile. Furthermore, both fluids show almost the 
same behaviour in heat transfer for an upsurge in the thermal Biot number. The pictorial 
representation of the behaviour of the concentration gradient for inclined values of 𝜎𝜎𝑟𝑟 is 
depicted in Figure 10. It is noted from the plotted graph that the rise in values of the local 
chemical reaction rate parameter declines the mass transfer. Furthermore, the initial rate 
of declination in the concentration gradient is faster in Reiner–Philippoff liquid when 
compared to another one. However, both fluids show the same mass transfer when they 
are near to the wall. The variation in concentration gradient for diverse values of the di-
mensionless activation energy parameter is illustrated in Figure 11. Here, the increase in 
values of 𝐸𝐸, upsurges the mass distribution. Furthermore, the rate of inclination in the 
concentration gradient is faster in Newtonian liquid when compared to Reiner–Philippoff 
liquid. The effect of Γ𝑐𝑐 on the concentration gradient is displayed in Figure 12. Here, boost 
up values of the solutal relaxation time parameter boosts up the mass transfer. Further-
more, the rate of inclination in the concentration gradient is slower in Reiner–Philippoff 
liquid when compared to Newtonian liquid. 

The sway of the radiation parameter at the heat transfer rate versus Γ𝑡𝑡 is illustrated 
in Figure 13. We can observe from this graph that the rise in values of the radiation pa-
rameter decreases the heat transfer rate and the rate of declination is in Newtonian liquid 
when compared to Reiner–Philippoff liquid. Furthermore, the Nusselt number is a de-
creasing function of both the thermal relaxation time parameter and radiation parameter. 
The variation in the Nusselt number versus 𝑃𝑃𝑃𝑃 for diverse values of the thermal Biot 
number is demonstrated in Figure 14. It is noticed from the plotted figure that an upsurge 
in the thermal Biot number improves the rate of heat transfer in both fluid streams and 
the rate of inclination in the Nusselt number is faster in Newtonian liquid when compared 
to Reiner–Philippoff liquid when fluids are near to the wall and shows almost the same 
behaviour when they are away from the boundary. Here, the Nusselt number acts as an 
increasing function of the Prandtl number and thermal Biot number. The variation in rate 
of the mass transfer versus solutal relaxation time parameter for diverse values of 𝑆𝑆𝑆𝑆 is 
illustrated in Figure 15. Here, boost up values of 𝑆𝑆𝑆𝑆 improves the mass transfer rate in 
both fluids. Furthermore, the Sherwood number acts as an increasing function of solutal 
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relaxation time parameter. Figures 16–19 portray the streamlines for diverse values of 𝑀𝑀 
and 𝜆𝜆. It is manifest from these plots that the number of stream line fluid flow patterns are 
reduced for the higher applied magnetic field. Furthermore, it is worthy of note that the 
impact of the non-Newtonian liquid is greatly contrasted to the Newtonian fluid (𝜆𝜆 = 1.0). 

 
Figure 2. Velocity field for assorted values of M . 

 
Figure 3. Temperature field for different values of M . 
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Figure 4. Concentration field for assorted values of M . 

 
Figure 5. Temperature field for assorted values of Rd . 

 

Figure 6. Temperature field for assorted values of wθ . 
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Figure 7. Temperature field for assorted values of tΓ . 

 
Figure 8. Temperature field for assorted values of Br . 

 

Figure 9. Temperature field for assorted values of 1Bi . 
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Figure 10. Concentration field for assorted values of rσ . 

 
Figure 11. Concentration field for assorted values of E . 
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Figure 12. Concentration field for assorted values of cΓ . 

 

Figure 13. Nusselt number for assorted values of Rd  and tΓ . 
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Figure 14. Nusselt number for assorted values of 1Bi  and Pr . 

 
Figure 15. Sherwood number for assorted values of Sc  and tΓ . 
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Figure 16. Stream lines for 0.5, 1.0M λ= = . 

 
Figure 17. Stream lines for 2.0, 1.0M λ= = . 

 
Figure 18. Stream lines for 0.5, 2.0M λ= =  (Reiner–Philippoff liquid). 
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Figure 19. Stream lines for 2.0, 2.0M λ= =  (Reiner–Philippoff liquid). 

5. Conclusions 
On a hydromagnetic non-Newtonian fluid with activation energy, a non-linear radi-

ative and Cattaneo–Christov double diffusions (CCDD) flow is investigated. Instead of 
the classical Fick’s and Fourier’s laws, the theory of CC double diffusion is used in the 
modeling. Moreover, convective heat and mass transfer conditions are accounted for in 
this study. The numerical solution of the converted flow regulating ODE’s is given. For 
both Newtonian and non-Newtonian fluid (Reiner–Philippoff liquid) situations, the gen-
erated flow fields of the numerical results are displayed subjected to various influential 
variables. The key findings are summarized in the following below: 
1. The flow field and associated hydrodynamical layer have diminished for Hartmann 

number Ha . 
2. An upsurge in radiation 𝑅𝑅𝑅𝑅 improves the thermal profile. 
3. The boundary layer of concentration and thermal distribution exhibit a similar trend 

for the applied magnetic field. 
4. An increase in thermal and solutal relaxation time parameters lead to both the fluid 

temperature and species concentration being reduced. 
5. The impact of thermal and solutal Biot numbers on the energy and concentration 

have a similar behavior. 
6. Species distribution boosts the higher dimensionless activation energy parameter E

. 
7. The present fluid model is simplified to Newtonian fluid if 1.0λ = . 
8. New numerical schemes based on the homotopy analysis method will be introduced 

in the future to calculate non-Newtonian nanofluidic problems with several varia-
tions. 
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